Abstract. Let S(n, d) and C(n, d) denote, respectively, the stacked and the cyclic d-dimensional polytopes on n vertices. Furthermore, f i (P ) denotes the number of i-dimensional faces of a polytope P .
Introduction
Our main result is the following comparison theorem for f -vectors of triangulated spheres. Both the upper and the lower bounds of Theorem 1 are among its consequences. For explanations of terminology we refer to the following section.
From now on, let d ≥ 3 and δ
Theorem 2. Let ∆ and Γ be (d − 1)-dimensional homology spheres whose g-vectors for some t (0 ≤ t ≤ δ) satisfy • g i (∆) ≥ g i (Γ) for i = 1, . . . , t • g i (∆) ≤ g i (Γ) for i = t + 1, . . . , δ. Suppose that f r (∆) ≤ f r (Γ)
for all s such that r < s < d.
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We will say that an integer vector (n 0 , . . . , n δ ) is an m-sequence if n 0 = 1 and n j ≥ m j implies that n j−1 ≥ m−1 j−1 , for all m ≥ j > 1. In particular, if some entry in an m-sequence is positive then so are all earlier entries. The notion of m-sequence is less restrictive than the well-established concept of M-sequence, recalled in Section 2. 
for some integers n and r ≤ d − 2. Then
Stanley's upper bound theorem for homology spheres [4] shows that in the special case when r = 0 Corollary 3 is valid also without the assumption that g(∆) is an m-sequence. 
Among other consequences of Theorem 2, let us mention the following. Here CS(2n, d) denotes the centrally-symmetric stacked d-dimensional polytopes on 2n vertices.
for some integers n and r ≤ d − 2. Then,
for all s such that r < s < d. 
Preliminaries
For the standard notions concerning convex polytopes and simplicial complexes we refer to the literature, see e.g. [7] . In this section we gather some basic definitions and recall some core results.
The cyclic polytope C(n, d) is defined and extensively discussed in [7] . The stacked polytope S(n, d), n > d, is obtained from the d-simplex by performing an arbitrary sequence of n − d − 1 stellar subdivisions of facets. Similarly, the centrally-symmetric stacked polytope CS(2n, d), 2n ≥ 2d, is obtained from the d-dimensional cross-polytope by performing an arbitrary sequence of n − d pairs of centrally-symmetric stellar subdivisions of facets. For n > d + 1 > 3 the combinatorial types of the resulting polytopes depend on choices made during the construction, but their f -vectors are well-defined.
Let ∆ be a (d − 1)-dimensional simplicial complex, and let f i be the number of
From now on we fix the integer d ≥ 3, and let
The f -vector, h-vector and g-vector of a simplicial d-polytope are those of its boundary complex.
In the case when ∆ is a homology sphere we have the Dehn-Sommerville equations h i = h d−i , which show that the f -vector of ∆ is completely determined by its g-vector.
The linear relation can be expressed as a matrix product (see e.g. [1] or [7, p. 269 For any integers k, n ≥ 1 there is a unique way of writing
Also let ∂ k (0) = 0. Let (n 0 , n 1 , n 2 , . . .) be an integer sequence such that n 0 = 1. It is called an Msequence if it is nonnegative and
Clearly, an M-sequence is an m-sequence (as defined in connection with Corollary 3), but not conversely. A theorem of Stanley [5] states that the g-vector of a simplicial polytope is an M-sequence. It has been conjectured that the same is true for the g-vectors of all homology spheres.
The M d matrix
We need to show that the 2 × 2 minors of M d are nonnegative. We want to show that Φ a,b r,s ≥ 0. Step 1. An elementary argument shows that it suffices to show nonnegativity in the special cases b = a + 1 and s = r + 1.
Step 2. Let r
Now, letting B p,q t,u denote the binomial determinant ≥ 0 For this we put to use the lattice-path interpretation of binomial determinants, due to Gessel and Viennot [2] . Let L p,q t,u denote the set of pairs (P, Q) of vertex-disjoint NE-lattice paths in Z 2 , such that P leads from (0, −p) to (r, −r) and Q from (0, −q) to (s, −s). By a NE-lattice path we mean a path taking steps N=(0, 1) to the north and steps E= (1, 0) 
The construction of the mapping ϕ proceeds by cases.
−a is constructed by keeping the path P and extending the path Q by an intitial vertical segment (a sequence of North steps) so that it begins at (0,
Subcase 2a: Q begins with an E step. Then ϕ(P, Q) ∈ L d−a,d+1−a is constructed by keeping the path Q and extending the path P by an intitial vertical segment so that it originates in (0, −(d − a)). Subcase 2b: Both Q and P begin with N steps. Then ϕ(P, Q) ∈ L a,d−a is constructed by removing the first step from both paths. Subcase 2c: Q begins with an N step, and P begins with an E step. Then ϕ(P, Q) ∈ L d−a,d+1−a is constructed as follows. We may assume that a ≥ s, since otherwise some binomial coefficients are zero and the situation simplifies. Thus, the path P begins with a sequence of E steps, say k of them, followed by a N step. Denoting the rest of P by P ′ we can write: P = E k NP ′ . Similarly, Q has the factorization Q = NQ ′ EQ ′′ , where E designates the (k + 1)-st occurrence of the letter "E" in Q.
Now, let P and Q be the paths P = Q ′ N m P ′ and Q = E k+1 N n Q ′′ . Here m and n are integers naturally determined by the geometric requirement that the tail of Q ′ N m coincides with the beginning of P ′ , and that the tail of E k+1 N n (starting from the point (0, −(d + 1 − a))) coincides with the beginning of
This defines the mapping ϕ in all cases, and a simple inspection shows that it is injective.
Remark: We conjecture that the matrix M d is totally nonnegative, meaning that all minors of all orders are nonnegative. This has been verified for all d ≤ 13 by A. Hultman.
Proofs
Proof of Theorem 2. Proof of Theorem 1. The g-vector of a simplicial polytope is an M-sequence, by the theorem of Stanley [5] . In particular, it is a nonnegative m-sequence, so both Corollaries 3 and 4 apply. 2
Proof of Theorem 5. The g-vector of the centrally-symmetric stacked polytope CS(2n, d) is
